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Abstract
We describe semiuniversal deformation spaces for the noncompact surfaces Zk := Tot(OP1(−k)) and prove
that any nontrivial deformation Zk(τ) of Zk is affine.
It is known that the moduli spaces of instantons of charge j on Zk are quasi-projective varieties of
dimension 2j − k − 2. In contrast, our results imply that the moduli spaces of instantons on any nontrivial
deformation Zk(τ) are empty.
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1. Motivation
Our interest in deformations of noncompact surfaces and their moduli of vector bundles arose in an
attempt to understand how instanton moduli vary in families.
Theories of instantons and their moduli spaces are often defined over noncompact manifolds, as is the
case with the instanton partition function, defined by Nekrasov [31] and explored by various authors, for
instance [32, 29, 17, 10].
We study how moduli spaces of instantons on the noncompact surfaces Zk = Tot(OP1(−k)) behave under
deformation of the complex structure of the underlying surface. We construct a family of deformations
for these surfaces and then study holomorphic vector bundles on the deformed surfaces. The Kobayashi–
Hitchin correspondence associates instantons on complex surfaces to holomorphic vector bundles. Therefore,
we describe holomorphic bundles on the deformed surfaces to obtain the corresponding information about
instantons. The Kobayashi–Hitchin correspondence for the surfaces Zk was shown in [16, Prop. 5.3]; the
proof uses compactification and appeals to the compact version of the correspondence as described in [27].
In contrast to the deformation theory of compact complex manifolds as developed by Kodaira and Spencer
[26], a general deformation theory for noncompact complex manifolds has yet to be developed. Nevertheless,
under certain additional assumptions the deformation theory of noncompact complex manifolds seems to
be well-behaved: for example, in case the manifold admits a global holomorphic symplectic form [24], or
when the manifold compactifies holomorphically, in which case the machinery for compact manifolds may
be applied [25]. In §5 we exploit the vector bundle structure on Zk and consider deformations as an affine
bundle over P1. Relations to the deformations of Hirzebruch surfaces are given in §5.3.
The noncompact surfaces Zk admit a rich structure of moduli spaces of instantons. Some properties of
these moduli are described in [16], where it is shown that such moduli spaces are quasi-projective varieties
whose dimensions increase with the charge. Here we show that after a deformation of the complex structure,
the moduli of instantons on the deformation are empty, i.e. instantons disappear after a “classical” deforma-
tion of Zk. From the point of view of mathematical physics, our results suggest that to study the instanton
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moduli in families, deformations should be considered in a broader framework, including noncommutative
deformations. In a future paper we will pursue this more general approach.
Even though the whole story for our original motivation has yet to be told, we decided to publish the
results pertaining to classical deformations separately, because these are – to the best of our knowledge – the
first results in this direction and, moreover, are turned out to be of independent interest: deformations of
noncompact surfaces (quite mysteriously) appear in an unrelated body of work concerning the homological
mirror symmetry conjecture from a Lie theoretical viewpoint (see [5] and Remark 5.15).
The paper is organized as follows: In §§3–4 we introduce the noncompact surfaces Zk and their moduli
of vector bundles. In §5 we present deformations of these surfaces and study their moduli of vector bundles
in §6. Applications to the theory of instantons are discussed in §7.
2. Statement of results
We consider noncompact surfaces that are total spaces of negative line bundles on the projective line,
denoted by Zk := Tot(OP1(−k)), for k ≥ 1. Our first result (Theorem 5.4) shows that Zk admits a (k−1)-
dimensional semiuniversal family of classical deformations, and we construct this family explicitly. Denoting
by Zk(τ) any nontrivial deformation of Zk for k ≥ 2, our second result (Theorem 6.6) shows that Zk(τ)
contains no compact complex analytic curve. Our third result (Theorem 6.14) shows that any holomorphic
vector bundle on Zk(τ) splits as a direct sum of algebraic line bundles. This is somewhat surprising, given
the existence of nontrivial moduli of vector bundles on the original Zk surfaces proved in [8]. Our fourth
result (Theorem 6.18) shows that any nontrivial deformation Zk(τ) is affine.
These results imply that moduli of instantons on noncompact surfaces are sensitive to the complex
structure: the instanton moduli of charge j over the noncompact surfaces Zk are of dimension 2j − k − 2,
whereas Zk(τ) admits no instantons (Theorem 7.5).
Let us put our results also into the context of deformations of curves and surfaces and their moduli.
Grothendieck’s splitting theorem says that any holomorphic vector bundle on P1 splits as a direct sum of
(algebraic) line bundles. Neither the curve P1 itself nor its moduli spaces of vector bundles admit any
deformations.
Curves of higher genus do admit deformations and a celebrated theorem of Narasimhan and Ramanan
[30, 3] shows that all classical deformations of the moduli of stable bundles on a smooth curve come from
deformations of the curve itself (case g > 1, (r, d) = 1).
In higher dimensions deformations of the underlying space and deformations of sheaves may be related
as follows. A pair (X, E) of a smooth projective surface X and a, say, (semi)stable coherent sheaf E can be
thought of as a point in the moduli space of semistable coherent sheaves over X . Deformations of the pair
(X, E) are parametrized by a certain sheaf of differential graded Lie algebras [23] whose cohomology groups
Ti(X,E) fit into a long exact sequence
· · · ExtiX(E , E) T
i
(X,E) H
i(X, TX) Ext
i+1
X (E , E) · · ·(2.1)
If E is a smooth point of the moduli space, i.e. if Ext2X(E , E) = 0, then (2.1) gives a surjection T
1
(X,E)
H1(X, TX) of tangent spaces and an injection T
2
(X,E) H
2(X, TX) of obstruction spaces. A cocycle τ ∈
H1(X, TX) parametrizing a deformation of X thus lifts to a deformation of the pair (X, E).
From this point of view, our results for moduli of vector bundles on nontrivial deformations of Zk show
that the deformed sheaf E(τ) over a nontrivial deformation Zk(τ) is rigid, in spite of the fact that E over
Zk is not rigid. In fact, [8, Thm. 4.11] shows that the moduli of framed-stable rank 2 bundles on Zk with
splitting type j (see Def. 4.6) and c1 = 0 are quasi-projective varieties of dimension 2j − k − 2. (See [6] for
arbitrary c1.)
2
3. Noncompact surfaces
Let Zk be the total space of the line bundle OP1(−k) for k ≥ 1. We observe that Z1 is C˜
2, the blowup
of C2 at the origin, and Z2 is a local Calabi–Yau surface.
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Our main objects of study will be classical deformations of the surfaces Zk and their moduli spaces of
vector bundles.
Remark 3.1. In this work we restrict our study to Zk for k > 0, in which case holomorphic bundles are
algebraic (Thm. 4.1). As a consequence moduli spaces of vector bundles over Zk are finite dimensional.
Notation 3.2. We fix once and for all coordinate charts on Zk, which we refer to as canonical coordinates,
given by
U = C2z,u =
{
(z, u)
}
and V = C2ξ,v =
{
(ξ, v)
}
,
such that on U ∩ V = C∗ × C we identify
(ξ, v) = (z−1, zku).(3.3)
Remark 3.4. The cover {U, V } is a Leray cover and throughout we will calculate sheaf cohomology as Cˇech
cohomology with respect to the cover {U, V }.
4. Geometry and topology of Zk
4.1. Line bundles on Zk
We have H1(Zk,OZk) = H
2(Zk,OZk) = 0. Thus, the exponential sheaf sequence
0 Z O
exp
O∗ 0
implies that PicZk ≃ H
1(Zk,O
∗) ≃ H2(Zk,Z) ≃ Z, whence line bundles on Zk are determined by their first
Chern class. We write OZk(n), or simply O(n), for the line bundle with first Chern class n. In canonical
coordinate charts the bundle O(n) has the transition matrix
(
z−n
)
.
4.2. Vector bundles on Zk
Recall that a rank r bundle E over a variety X is called filtrable if there exists an increasing filtration
0 = E0 ⊂ E1 ⊂ · · · ⊂ Er−1 ⊂ Er = E of subbundles such that Ei/Ei−1 ∈ PicX , where 1 ≤ i ≤ r. We now
recall some properties of vector bundles on Zk.
Theorem 4.1 [12, Lem. 3.1, Thm. 3.2]. Holomorphic vector bundles on Zk are algebraic and filtrable.
In particular, any rank 2 bundle on Zk is isomorphic to an algebraic extension of line bundles. Theorem
4.1 generalizes to the case of ample conormal bundle, see [7, Thm. 3.2].
Notation 4.2. Given two vector bundles E and E′ over Zk, defined by transition matrices T and T
′
respectively, a vector bundle isomorphism E ≃ E′ is given by a pair of invertible matrices (AU , AV ), where
AU (resp. AV ) and its inverse have entries holomorphic in U (resp. V ) and such that AV TAU = T
′. In
particular, detAU = detAV ∈ C
∗.
We shall make repeated use of the following standard result.
Lemma 4.3 [22, III.6.3.(c), III.6.7]. There exists an isomorphism
Ext1(OZk(j),OZk(−j)) ≃ H
1(Zk,OZk(−2j)).
1In this terminology, motivated by physics, a local Calabi–Yau refers to the total space of a canonical bundle, see e.g. [11].
Informally, we sometimes refer to Zk as a local surface as in [1, 9]. However, this terminology differs from the concept of local
in the sense of germs such as in [21].
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In terms of canonical coordinates on Zk, the class of an extension defined by the transition matrix(
zj p
0 z−j
)
is sent to the cohomology class represented by the 1-cocycle z−jp, where p and the 1-cocycle z−jp are written
in U -coordinates.
A rank 2 bundle with c1 = 0 may thus be given by a cohomology class σ ∈ H
1(Zk,O(−2j)) whose general
form we recall in the following lemma.
Lemma 4.4 [8, Lem. 2.6]. Set m =
⌊
n−2
k
⌋
. A cohomology class in H1(Zk,O(−n)) is represented by a
1-cocycle of the general form
σ =
m∑
i=0
−1∑
l=ik−n+1
σilz
lui, σil ∈ C.(4.5)
In particular, we have that
dimH1(Zk,O(−n)) =
(m+ 1)(2n− km− 2)
2
if n ≥ 2
and zero otherwise.
Definition 4.6 [4]. Let E be a rank r bundle on Zk. Then the restriction of E to the zero section ℓ ≃ P
1
is a rank r bundle on P1, which by Grothendieck’s splitting theorem splits as a direct sum of line bundles.
That is, E|ℓ ≃ OP1(j1) ⊕ · · · ⊕ OP1(jr). We call (j1, . . . , jr) the splitting type of E. When E is a rank 2
bundle with first Chern class c1(E) = j1 + j2 = 0, we set j = |j1| = |j2| so that j ≥ 0 and say that E is of
splitting type j.
Expressing Theorem 4.1 in canonical coordinates gives that a rank 2 bundle E with first Chern class
c1(E) = 0 and splitting type j can be defined via a transition matrix [12, Thm. 3.3](
zj p
0 z−j
)
=
(
zj zjσ
0 z−j
)
where σ has the general form
σ =
⌊2j−2k ⌋∑
i=1
−1∑
l=ik−2j+1
σilz
lui, σil ∈ C
and in contrast to (4.5) the first sum now runs from i = 1, so that σ|ℓ = 0 and E|ℓ = O(j) ⊕O(−j).
4.3. Moduli
Moduli spaces of rank 2 bundles on Zk were studied in [13, Thm. 3.5] for the case of Z1 and in [8, Thm.
4.11] for the cases of k ≥ 1. One could either give an ad-hoc definition of stability [16, Def. 5.2] and obtain
quasi-projective varieties corresponding to moduli spaces of framed-stable bundles, or else take the point of
view of stacks and study the full moduli stack of bundles on Zk. The latter approach was taken in [9] where
two equivalent presentations of the stack of bundles on Zk were given [9, Thm. 3.1]. The former approach
of choosing a definition of stability allows us to describe moduli spaces of framed-stable bundles with local
second Chern class j on Zk, which turn out to be smooth quasi-projective varieties of dimension 2j − k − 2
[8, Thm. 4.11].
4
5. Classical deformations
Classical deformations of complex structures on a complex manifold X are parametrized by H1(X, TX),
where TX is the (holomorphic) tangent bundle, with obstructions to deformation lying in H
2(X, TX).
Although the general existence results in the deformation theory of Kodaira and Spencer [26] only hold
for compact manifolds, much of the theory still applies to families of noncompact manifolds. We construct a
semiuniversal family for the surfaces Zk explicitly by considering deformations of the vector bundle structure
on Zk to an affine bundle structure.
5.1. Deformations as affine bundles
The vector bundle structure of Zk = TotOP1(−k) may be deformed to the structure of a (holomorphic)
affine bundle over P1.
Theorem 5.1. Any deformation of Zk as affine bundle over P
1 is given (in canonical coordinates) by an
affine bundle structure of the form
u zku+
k−1∑
i=1
tiz
i.
Proof. As a vector bundle over P1, the transition function of OP1(−k) is given in coordinates by u z
ku,
where u is the fibre coordinate. An affine bundle structure is given by T : u zku + t(z), where t(z) is a
holomorphic function on C∗.
The general form of t(z) is
t(z) =
∞∑
i=−∞
tiz
i, bi ∈ C.
An isomorphism of affine bundles T AV TAU reducing t(z) to the form
∑k−1
i=1 tiz
i is given in charts by
AU : u u−
∞∑
i=0
tk+iz
i on U
AV : v v −
∞∑
i=0
t−iξ
i on V .
Clearly the choice of affine transformations on U and V are holomorphic with holomorphic inverse in the
respective coordinates.
5.2. Deformations of the complex structure
In this section we write the deformations of Theorem 5.1 as a family of complex manifolds. To relate
the deformations as affine bundle to deformations of complex structure of the total space, we first describe
the (holomorphic) tangent bundle of Zk and calculate its first cohomology group H
1(Zk, TZk).
In canonical coordinates the transition matrix for the tangent bundle of Zk is given by the Jacobian
matrix
J =
(
∂
∂z
z−1 ∂
∂u
z−1
∂
∂z
zku ∂
∂u
zku
)
=
(
−z−2 0
kzk−1u zk
)
(5.2)
which shows that TZk fits into a short exact sequence
0 O(−k) TZk O(2) 0.
Lemma 5.3. (i ) H1(Z1, TZ1) = 0.
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(ii ) Let k ≥ 2. Then H1(Zk, TZk) ≃ C
k−1 and in U -coordinates a cohomology class τ ∈ H1(Zk, TZk) is
represented by a 1-cocycle of the general form
k−1∑
i=1
tiz
−k+i ∂
∂u
.
Proof. Let σ ∈ TZk(U ∩ V ) be a general 1-cocycle, written in U -coordinates. In the basis
{
∂
∂z
, ∂
∂u
}
, σ may
be written as a convergent power series
σ =
∞∑
i=0
∞∑
j=−∞
(
aij
bij
)
zjui, aij , bij ∈ C.
Since terms with positive powers of z are holomorphic on U we obtain the cohomological equivalence
σ ∼
∞∑
i=0
−1∑
j=−∞
(
aij
bij
)
zjui.
Changing charts we have
Jσ ∼
(
−z−2 0
k zk−1u zk
) ∞∑
i=0
−1∑
j=−∞
(
aij
bij
)
zjui
=
∞∑
i=0
−1∑
j=−∞
(
−z−2 aij
k zk−1u aij + z
k bij
)
zjui
and since monomials of the form zmun with m ≤ nk are holomorphic on V , we obtain the cohomological
equivalence
Jσ ∼
−1∑
j=−k+1
(
0
b0j
)
zk+j .
On the U chart, the nontrivial terms appearing in the expression of σ are thus z−k+i ∂
∂u
for 1 ≤ i ≤ k−1.
The deformations constructed in Theorem 5.1 may be given as a family of noncompact manifolds.
Theorem 5.4. Let k ≥ 2. Then Zk admits a (k−1)-dimensional semiuniversal family Zk M
π
Ck−1 ≃ H1(Zk, TZk) of deformations.
Proof. Let B = Ck−1 with coordinates t1, . . . , tk−1 and consider the complex manifoldM given by the charts
U ×B = {(z, u, t1, . . . , tk−1)} V ×B = {(ξ, v, t1, . . . , tk−1)},
with transition matrix  z−2 0 0z−1(∑k−1i=1 tizi) zk 0
0 0 Ik−1
 .
Then the projection π : M B defines a family of noncompact manifolds with M0 = π
−1(0) ≃ Zk and the
fibre Mt = π
−1(t) for t = (t1, . . . , tk−1) ∈ C
k−1 is isomorphic to the total space of the affine bundle with
affine structure u zk +
∑k−1
i=1 tiz
i.
Recall from [28, Def. 1.35] that a family is semiuniversal, if it is versal (or complete) and the Kodaira–
Spencer map KS: T0B H
1(Zk, TZk) is an isomorphism. The Kodaira–Spencer map of the family π : M
B is the vector space isomorphism
KS: T0B H
1(Zk, TZk)
∂
∂ti
z−k+i
∂
∂u
.
(5.5)
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Identifying B = Ck−1 with its tangent space at 0 and using (5.5) we denote a fibreMt for t = (t1, . . . , tk−1) ∈
Ck−1 by Zk(τ) where τ ∈ H
1(Zk, TZk) is the class represented by the cocycle
∑k−1
i=1 tiz
−k+i ∂
∂u
. Theorem
6.18 shows that Zk(τ) is an affine algebraic variety for each τ 6= 0, whence H
1(Zk(τ), TZk(τ)) = 0. Thus
Zk(τ) admits no infinitesimal deformations. For each fibre Mt the family Zk M
π
Ck−1 thus trivially
contains all infinitesimal deformations of Mt and is therefore versal.
Notation 5.6. We fix canonical coordinates for the noncompact surfaces Zk(τ), where τ ∈ H
1(Zk, TZk) is
the cohomology class of the 1-cocycle
∑k−1
i=1 tiz
−k+i ∂
∂u
. Let Zk(τ) = U ∪ V with coordinates U = {(z, u)},
V = {(ξ, v)}, such that on U ∩ V ≃ C∗ × C we identify
(5.7) (ξ, v) =
(
z−1, zku+
k−1∑
i=1
tiz
i
)
.
Zk(τ) is the total space of the affine line bundle given by the transition function u z
ku+
∑k−1
i=1 tiz
i.
In this paper we only consider deformations of Zk of the form Zk(τ). For τ 6= 0, the complex structure
of Zk(τ) is different from the complex structure on Zk as we will see when we show that Zk(τ) contains
no compact complex analytic curves (Thm. 6.6), that every holomorphic vector bundle on Zk(τ) splits as a
direct sum of line bundles (Thm. 6.14), and that Zk(τ) admits the structure of a (smooth) affine complex
algebraic variety (Thm. 6.18).
Remark 5.8. Another way of arriving at the family of Theorem 5.4 is to consider deformations of the tangent
bundle TZk as a vector bundle over Zk and ask which deformations could be the tangent bundle of a different
complex manifold. Deformations of the tangent bundle that “integrate” to a different complex structure on
Zk give rise precisely to the deformations Zk(τ).
Remark 5.9. For k = 2 the family given in Theorem 5.4 is already well known: it is the simultaneous
resolution of the A1 surface singularity (the rational double point) of Atiyah [2]. The deformations of Z2
may also be obtained via the methods of Kaledin–Verbitsky [24] who present a Torelli-type theorem for
noncompact manifolds with a holomorphic symplectic form. However, of the surfaces Zk, only Z2 ≃ T
∗P1
admits a holomorphic symplectic form.
5.3. Relation to deformations of Hirzebruch surfaces
Recall from [28] that the Hirzebruch surface Fk is isomorphic to the subvariety of P
1×Pk+1 given as the
set of points ([z0 : z1], [x0 : . . . : xk+1]) satisfying the equation
z0(x1, . . . , xk) = z1(x2, . . . , xk+1).
The embedding Zk Fk may be given by
(5.10)
(z, u) ([1 : z], [1 : zku : zk−1u : . . . : u ])
(ξ, v) ([ξ : 1], [1 : v : ξ v : . . . : ξkv]).
Since H2(Fk, TFk) = 0, the Theorem of Existence [26, Thm. 5.6] gives a semiuniversal family over a
(k−1)-dimensional base, where dimH1(Fk, TFk) = k − 1. This family is given explicitly in [28, §2.3] as
follows.
The family is given as Fk M˜
π˜
Ck−1, where M˜ ⊂ P1 × Pk+1 × Ck−1 is the set of coordinates
([z0 : z1], [x0 : . . . : xk+1], (t1, . . . , tk−1)) satisfying the equation
z0(x1, . . . , xk) = z1(x2 + t1x0, . . . , xk + tk−1x0, xk+1)(5.11)
and π˜ = π3|M˜ is the restriction of the projection to the third factor.
7
Proposition 5.12. Let Zk M C
k−1 be the family of Theorem 5.4 and let Fk M˜ C
k−1 be the
family (5.11).
There is a commutative diagram
Zk M C
k−1
Fk M˜ C
k−1.
Proof. Recall from the proof of Theorem 5.4 that the family M is covered by the sets U × B and V × B,
where U, V are the canonical charts and B ≃ Ck−1, such that on (U ×B) ∩ (V ×B) we identify
(ξ, v, t1, . . . , tk−1) =
(
z−1, zku+
k−1∑
i=1
tiz
i, t1, . . . , tk−1
)
.(5.13)
Define the map M M˜ on charts U ×B and V ×B by
(5.14)
(z, u, t1, . . . , tk−1) ([1 : z], [1 : x1 : . . . : xk+1], t1, . . . , tk−1)
(ξ, v, t1, . . . , tk−1) ([ξ : 1], [1 : y1 : . . . : yk+1 ], t1, . . . , tk−1),
where
xn+1 = z
k−nu+
k−1∑
i=n+1
tiz
i−n
yn+1 = ξ
nv −
n∑
i=1
tiξ
n−i
for 0 ≤ n ≤ k. (The sum is empty for xk, xk+1 and y1.)
One checks that the map (5.14) is injective and satisfies (5.11) on each chart; moreover, the map is well
defined on the intersection, which follows from using the identity (5.13).
The commutativity of the first square follows from (5.10) for t1 = · · · = tk−1 = 0. The commutativity of
the second square is evident from (5.14).
Remark 5.15 (An application to mirror symmetry). A recent result [15] shows that adjoint orbits of semisim-
ple Lie groups have the structure of symplectic Lefschetz fibrations. Such Lefschetz fibrations are consid-
ered in the homological mirror symmetry conjecture, where one needs to identify details of its complex
and symplectic structures. The adjoint orbit of sl(2,C) is isomorphic to a nontrivial deformation Z2(τ) of
the noncompact surface Z2. By Theorem 5.4, the deformation Z2(τ) is unique up to scaling. Using Lie
theoretical methods, [5] considered a Landau–Ginzburg model over Z2(τ), proved it does not admit any
projective mirror, and identified its mirror category as a proper subcategory of coherent sheaves on the
second Hirzebruch surface. For k 6= 2 the role played by the deformations Zk(τ) in mirror symmetry is not
yet known. However, we expect deformations of other noncompact manifolds to play an important role in
mirror symmetry.
6. Geometry and topology of Zk(τ)
6.1. Line bundles on Zk(τ)
Lemma 6.1. H1(Zk(τ),O) = H
2(Zk(τ),O) = 0.
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Proof. A general 1-cocycle can be written in the form
α =
∞∑
i=0
∞∑
l=−∞
αilz
lui ∼
∞∑
i=0
−1∑
l=−∞
αilz
lui.
In canonical coordinates, we have u = ξkv −
∑k−1
n=1 tnξ
k−n. Thus, on the V -chart
α ∼
∞∑
i=0
∞∑
l=1
αi,−lξ
l
(
ξkv −
k−1∑
n=1
tnξ
k−n
)i
∼ 0
since positive powers of ξ, v are holomorphic on V .
H2(Zk(τ),F) = 0 for any coherent sheaf F of coefficients, since Zk(τ) is Leray-covered by two open
sets.
We thus get the following isomorphisms,
PicZk(τ) ≃ H
2(Zk(τ),Z) ≃ H
2(Zk,Z) ≃ H
2(S2,Z) ≃ Z,
where the first isomorphism follows from the exponential sheaf sequence for Zk(τ) and the second isomor-
phism follows from the fact that Zk(τ) is homeomorphic to Zk as a real manifold. So, any line bundle on
Zk(τ) is determined by its first Chern class. We write OZk(τ)(n) or O(n) for the line bundle on Zk(τ) with
first Chern class n.
Lemma 6.2. The line bundle on Zk(τ) with first Chern class n, denoted O(n), can be given the transition
matrix
(
z−n
)
.
First proof. Let M be the total space of the family given in the proof of Theorem 5.4. The matrix
(
z−n
)
defines a line bundle L over M . The restriction of this line bundle to the central fibre of the family gives
OZk(n) (with transition matrix
(
z−n
)
and Chern class n). Since the family is continuous and the first Chern
class is a discrete topological invariant it remains constant in the family, hence c1(L|Zk(τ)) = n as well.
Second proof. Define a map
φ : Zk(τ) P
1
(z, u) [1 : z]
(ξ, v) [ξ : 1].
(6.3)
If we denote by T the transition function of OP1(n), then the transition function of the pullback bundle
φ∗OP1(n) ≃ OZk(τ)(n) is φ
∗T = T ◦φ, which in canonical coordinates is precisely multiplication by
(
z−n
)
.
6.2. Cohomology of Zk(τ)
We calculate sheaf cohomology of Zk(τ) with coefficients in line bundles.
Remark 6.4. As Zk(τ) is covered by two open sets with acyclic intersection, we have that H
i(Zk(τ),F) = 0
for i ≥ 2 and any coherent sheaf F .
Lemma 6.5. Let Zk(τ) be any nontrivial deformation of Zk. Then H
1(Zk(τ),O(−n)) = 0 for any integer
n.
Proof. As for Zk, this is straightforward if n ≤ 1. We thus assume that n ≥ 2. The idea of the proof is to
use the fact that a function holomorphic on V ⊂ Z1 is also holomorphic on V ⊂ Zk(τ) (cf. Lem. 6.9). The
difficult part is thus to show that all cocycles which are nontrivial in H1(Z1,O(−n)) are in fact trivial in
H1(Zk(τ),O(−n)), because all other terms can be removed by functions on Z1. These cocycles are spanned
by the terms zlui, where −n+ i < l < 0 and i ≤ n− 2.
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Let σ =
∑∞
i=0
∑∞
l=−∞ σilz
lui be a general 1-cocycle, i.e. a holomorphic function in the intersection
U ∩ V ≃ C∗ × C. We may add any function z−nf , where f is holomorphic on V without changing the
cohomology class of σ.
First we remove the terms zlui for −n + i < l < 0 and i ≤ n − 2 as follows. Let t1, . . . , tk−1 be the
constants in (5.7) and let m be the smallest integer such that tm 6= 0. We start with i = 0 and add a suitable
multiple of ξn−1+nmvn = z−n+1(tnm + O(z, u)) to remove σ0,−n+1z
−n+1. While removing the coefficient of
z−n+1, we only add to the coefficients of higher powers of z that will be removed in subsequent steps.
We continue in the same fashion for the terms zl, where −n + 1 < l < 0 by adding suitable multiples of
ξn−s+nmvn for 1 < s < n.
For i ≥ 1, note that u = ξkv −
∑k−1
i=1 tiξ
k−i is holomorphic on V , so that we may use the expressions(
ξkv −
k−1∑
n=1
tnξ
k−n
)i
ξn−s+nmvn = z−n+sui(1 +O(z, u)),
where 1 ≤ s ≤ n, to remove the remaining terms zlui, where −n + i < l < 0 and i ≤ n − 2. We have
added finitely many functions to σ and now σ ∼ σ′ =
∑∞
i=0
∑∞
l=−∞ σ
′
ilz
lui, where the coefficients σ′il = 0
for −n+ i < l < 0 and i ≤ n− 2.
Next, we may add any function z−nfV = z
−n
∑∞
i=0
∑
l=0 f
V
il z
−l(zu)i to remove all remaining nonzero
coefficients of zlui with l ≤ −n+ i since zu = ξk−1v−
∑k−1
n=1 tnξ
k−n−1 is holomorphic on V . Finally, nonzero
coefficients of the terms zlui for i, l ≥ 0 may be removed by adding a suitable function holomorphic on
U .
6.3. Subvarieties
Deforming the complex structure does not change the topology of the manifold, thus for any τ we still
have
Hi(Zk(τ),C) =
{
C if i = 0, 2
0 otherwise.
The de Rham cohomology of Zk comes from the complex submanifold ℓ ≃ P
1 ≈ S2. However, for a nontrivial
deformation Zk(τ), this is no longer the case, as the following result shows.
Theorem 6.6. Let k ≥ 2. A nontrivial deformation of Zk contains no complex analytic compact curves.
Proof. Let D be a 1-dimensional subvariety of Zk(τ) and let O(D) denote the associated line bundle. By
Lemma 6.2, O(D) is isomorphic to O(j) for some j and hence D can be obtained as the zero locus of a
global holomorphic section of O(j).
Recall that, in canonical coordinates, O(j) can be given by transition matrix (z−j). We now construct
a global section. Over U , a global holomorphic section s of O(j) is of the form
s|U =
∞∑
i=0
∞∑
l=0
silz
lui.
Expression (5.7) gives that u = ξkv−
∑k−1
n=1 tnξ
k−n on U ∩V . Let 1 ≤ m ≤ k− 1 be the largest integer such
that tm 6= 0. Changing coordinates with the transition function z
−j, we can write the zero locus of s over
V as
(6.7) s|V =
∞∑
i=0
∞∑
l=0
silξ
i(k−m)+j−l
(
ξmv −
m−1∑
n=1
tnξ
k−n − tm
)i
= 0.
The term in parentheses expands to(
ξmv −
m−1∑
n=1
tnξ
k−n − tm
)i
= ξimvi + · · ·+ (−1)i−1i ξmv
(m−1∑
n=1
tnξ
k−n + tm
)i−1
+ (−1)itim.
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Since tm 6= 0 the coefficient sil must be zero if
i(k −m) + j − l < 0
as otherwise the sum would contain a term not holomorphic on V . But then each of the terms containing
v also contains a positive power of ξ.
Thus, on the fibre over ξ = 0, equation (6.7) reduces to
(6.8)
∞∑
i=0
(−1)isi,i(k−m)+j t
i
m = 0
and does not depend on v. If (6.8) holds, then D contains the whole fibre over ξ = 0 as a component and is
thus not compact; if (6.8) does not hold then D is contained in U ≃ C2 which is affine and thus D is also
not compact.
In particular, Zk(τ) contains no complex submanifold with the topology of a 2-sphere for τ 6= 0.
6.4. Vector bundles on Zk(τ)
We generalize the algebraicity and filtrability result for Zk (Thm. 4.1) to its classical deformations. We
start with a technical lemma.
Lemma 6.9. Let fV be a function holomorphic on V ⊂ Z1. Then there is a holomorphic function fV˜
holomorphic on V ⊂ Zk(τ) such that, written in U -coordinates, we have fV |U∩V = fV˜ |U∩V˜ .
Proof. To differentiate the coordinates of V ⊂ Z1 and V ⊂ Zk(τ), write V˜ = {(ξ˜, v˜)} for the chart of Zk(τ),
i.e.
(ξ, v) = (z−1, zu) on U ∩ V ⊂ Z1
(ξ˜, v˜) = (z−1, zku+ τ) on U ∩ V˜ ⊂ Zk(τ).
Now a holomorphic function fV on V may be written as a convergent power series in the variables z
−1 and
zu,
∞∑
i=0
∞∑
l=0
filz
−l(zu)i.
Now on V˜ ⊂ Zk(τ), we have that z
−1 = ξ˜ and zu = ξ˜k−1v˜ −
∑k−1
i=1 tiξ˜
k−i−1. We may rewrite fV in
V˜ -coordinates
fV˜ =
∞∑
i=0
∞∑
l=0
filξ˜
l
(
ξ˜k−1v˜ −
k−1∑
i=1
tiξ˜
k−i−1
)i
.(6.10)
This is a convergent power series in the variables ξ˜ and v˜ which we may write as
fV˜ =
∞∑
i=0
∞∑
l=0
f˜ilξ˜
lv˜i
by expanding the factor
(
ξ˜k−1v˜ −
∑k−1
i=1 tiξ˜
k−i−1
)i
in (6.10) and rewriting the coefficients. For example,
f˜00 =
∑∞
i=0 fi0t
i
k−1. Thus fV˜ is holomorphic on V˜ ⊂ Zk(τ). Since both fV and fV˜ come from the same
power series in (z, u)-coordinates, we have fV = fV˜ in (z, u)-coordinates.
Theorem 6.11. Holomorphic bundles over Zk(τ) are algebraic and filtrable.
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Proof. As in Lemma 6.9, denote by V˜ the chart of Zk(τ) with coordinates ξ˜ and v˜.
Let E˜ be a vector bundle of rank r over Zk(τ) with transition function T . The entries of T are functions
holomorphic in the intersection U ∩ V˜ and may thus be written as power series
∞∑
i=0
∞∑
l=−∞
ailz
lui.
The same T also defines a bundle E on Z1. As a bundle over Z1, E is algebraic and filtrable by Theorem
4.1. In particular, there exist matrices AU , AV with entries holomorphic in U, V ⊂ Z1, respectively, which
are invertible for all points in U, V , respectively, and such that
AV TAU =

zj1
zjr
∗ ∗
∗
0
0 0

where each ∗ denotes an algebraic function on U ∩ V . By Lemma 6.9, we conclude that the entries of
AU , AV are also holomorphic in U, V˜ ⊂ Zk(τ) and thus AU , AV also define an isomorphism of E˜ with a
filtered algebraic bundle.
Remark 6.12. For the proof of Theorem 6.11 we do not need to require τ 6= 0. In other words, to prove
algebraicity and filtrability for Zk (or any of its deformations), it is enough to prove it for Z1.
Remark 6.13. Note that on P2 the only bundles which are filtrable are split, but there is a multitude of
bundles which are not filtrable, given that the moduli spaces of stable vector bundles on P2 are quasi-
projective varieties whose dimensions increase with the second Chern classes, see [33].
Theorem 6.11 implies that, as for Zk, rank 2 bundles over Zk(τ) with vanishing first Chern class may be
written as extensions of line bundles
Ext1(OZk(τ)(j),OZk(τ)(−j)) ≃ H
1(Zk(τ),O(−2j)),
but by Lemma 6.5, H1(Zk(τ),O(−2j)) = 0. Hence, we obtain:
Theorem 6.14. Let Zk(τ) be any nontrivial deformation of Zk. Then, every holomorphic vector bundle on
Zk(τ) splits as a direct sum of line bundles.
Remark 6.15. In contrast with Zk(τ), the surfaces Zk have nontrivial moduli of vector bundles. For example,
[8, Thm. 4.11] shows that the moduli of rank 2 bundles on Zk with splitting type j has dimension 2j−k−2.
Remark 6.16. Consider the threefold W1 := Tot(OP1(−1) ⊕ OP1(−1)). In [1, Thm. 4.3] it is proven that,
for appropriate choices of numerical invariants, there are isomorphisms of moduli spaces of vector bundles
on W1 and moduli spaces of vector bundles on the surfaces Zk. Thus, from the point of view of moduli
of bundles this threefold presents similar behaviour to our surfaces. However, from the point of view of
deformation theory they are quite different. Indeed, we observe that H1(W1, TW1) = 0, hence there are no
classical deformations of W1.
6.5. The affine structure of Zk(τ)
As a corollary to the splitting principle of Theorem 6.14, we are able to show that any nontrivial
deformation Zk(τ) of Zk admits the structure of an affine variety. We state part of the proof as a separate
lemma.
Lemma 6.17. Zk(τ) has the resolution property, i.e. every coherent sheaf has a global resolution by locally
free sheaves.
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Proof. This follows from [35, Prop. 8.1] by noting that Zk(τ) has affine diagonal since intersections of affine
sets are affine.
Theorem 6.18. Let Zk(τ) be any nontrivial deformation of Zk. Then Zk(τ) admits the structure of a
smooth affine algebraic variety.
Proof. Let F be an arbitrary coherent sheaf on Zk(τ). By Lemma 6.17 F admits a global resolution by
locally free sheaves
· · · Fn · · · F0 F 0.
Since Zk(τ) is of dimension two, we claim that the kernel of F2
d1 F1 is locally free. Since locally free is a
local property, it suffices to check this property on the stalks (ker d1)x for x ∈ Zk(τ). Since the local rings
OZk(τ),x are regular and of dimension ≤ 2, they are of global dimension ≤ 2 and free. We may thus truncate
the resolution to
0 ker d1
i F1
d0 F0
ǫ F 0.
We have short exact sequences
0 kerd1 F1 ker d0 0
0 kerd0 F1 ker ǫ 0
0 ker ǫ F0 F 0
where we have used the isomorphisms coim i ≃ im i and coim d0 ≃ im d0 which hold in any Abelian category,
here Coh(Zk), as well as im i ≃ ker d0 and im d0 ≃ ker ǫ since the resolution is an exact sequence.
We have that kerd1, F1 and F0 are acyclic, since they are direct sums of line bundles by Theorem 6.14,
which have no higher cohomology (by Lemma 6.5). Thus in each of the above sequences, the first two terms
are acyclic, so is the third by applying the long exact sequence in cohomology iteratively. This proves that
F is acyclic. Since F was arbitrary, applying Serre’s criterion [22, Thm. III.3.7] we conclude that Zk(τ) is
affine.
Corollary 6.19. Moduli spaces of holomorphic vector bundles with fixed topological invariants are trivial,
i.e. consist of a single point.
Proof. Affine varieties are Stein and the Grauert–Oka principle [20] implies that the holomorphic and topo-
logical classifications of complex vector bundles coincide.
Remark 6.20. We used filtrability and algebraicity of vector bundles over the deformations together with
the vanishing of their higher cohomology to prove affineness of the deformations.
The referee pointed out that, conversely, our results for vector bundles over the deformations may
be deduced from the affineness of the deformations. Our proofs can thus be shortened substantially by
first showing affineness of the deformations, which may be proved by appealing to the compactification to
Hirzebruch surfaces whose deformation theory is well understood: When a Hirzebruch surface Fk deforms
to Fm with m < k (where m ≡ k mod 2), the irreducible divisor Fk \Zk with self-intersection k decomposes
into a sum of divisors, preserving the self-intersection. An irreducible divisor in Fm has self-intersection at
mostm, and the divisor with self-intersection k > m is the sum of the line at infinity with self-intersectionm
as well as k−m2 copies of the fibre. This sum is now an ample divisor as the intersection with any irreducible
curve is positive; its complement, a deformation of Zk, is therefore affine.
We nevertheless chose to maintain our direct proofs, working only with the noncompact surfaces, because
this approach also proved to be useful for other noncompact spaces, which may admit larger families of
deformations than those obtained from a compactification. For instance, for the Calabi–Yau threefold
W2 := Tot(OP1(−2) ⊕ OP1) ≃ Z2 × C, the cohomology H
1(W2, TW2) is infinite dimensional over C and
[18, 19] show that indeed infinitely many directions of this vector space produce inequivalent deformations.
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7. Applications to the theory of instantons
SU(2)-instantons on Zk correspond to framed rank 2 holomorphic bundles on Zk with vanishing first
Chern class [16, Prop. 5.3].
The charge of such an instanton is associated to the local holomorphic Euler characteristic of the bundle.
We recall the definition.
Definition 7.1 [16]. Let Xk denote the variety obtained from Zk by contracting the zero section to a point
x ∈ Xk. Hence Xk is singular at x if k > 1. Let π : Zk Xk denote the contraction map. Let E be a
rank 2 bundle (or any reflexive sheaf) on Zk, and define a skyscraper sheaf Q by the exact sequence
0 π∗E (π∗E)
∨∨ Q 0.
Then the local holomorphic Euler characteristic of E is
χloc(E) := χ(π∗E, x) = h
0(X,Q) + h0(X,R1π∗E).
In light of the Kobayashi–Hitchin correspondence for Zk proved in [16, Prop. 5.3], we also refer to this
number as the charge of a corresponding instanton on Zk.
We observe that not all bundles on Zk correspond to instantons. In fact, [16, Cor. 5.5] shows that an
SL(2,C)-bundle E over Zk represents an instanton if and only if its splitting type (see Def. 4.6) is a multiple
of k. In this case [16, Prop. 4.1] implies that the restriction of E to Zk \ ℓ is trivial, and hence E can be
extended to a bundle E on the Hirzebruch surface Fk which is trivial along the line at infinity ℓ∞.
As the restriction of E to an analytic neighbourhood of ℓ∞ is trivial, the charge of E only depends on
the neighbourhood of ℓ, which is Zk. That is, we have
χ(E) = χloc(E).
The moduli space of instantons of charge j ≡ 0 mod k on Zk is a smooth quasi-projective variety of
dimension 2j − k − 2 [8, Thm. 4.11]. In terms of vector bundles the statement is that the moduli space of
rank 2 holomorphic bundles on Zk with vanishing first Chern class and χloc = j contains an open dense
subset isomorphic to P2j−k−2 minus a closed subvariety of codimension at least k + 1.
Here, we do not develop a full theory of instantons on the deformed surfaces Zk(τ). However, in light of
§5.3 we may apply our results to instantons by using the Kobayashi–Hitchin correspondence for Hirzebruch
surfaces, and then restricting to Zk(τ).
Definition 7.2. Let D be a divisor on a smooth complex surface X . We say that a holomorphic vector
bundle E on X \ D extends trivially to X , if there exists a holomorphic vector bundle E on X such that
E|X\D = E and E|D is trivial.
Now let D be a divisor on the Hirzebruch surface Fk. The usual Kobayashi–Hitchin correspondence [27]{
irreducible SU(2)-instantons
of charge n
} {
stable SL(2,C)-bundles
with c2 = n
}
takes an instanton whose charge is held on Fk \D to a bundle which is trivial along D.
In further detail, we actually need to consider framed bundles on Zk(τ) as follows. By §5.3, Zk(τ) ⊂ Fm
for some m ≤ k. Let D be the divisor Fm \Zk(τ), i.e. Fm = Zk(τ)⊔D as a disjoint union. Let N be a small
open (analytic) tubular neighbourhood of D in Fm, and denote by N
◦ := N \D the deleted neighbourhood.
Thus, we can also think of N◦ as an open neighbourhood of infinity inside Zk(τ); let us denote this open
subset of Zk(τ) by Z
◦
k(τ).
Definition 7.3. (i ) A framed rank 2 bundle on Zk(τ) is a pair (E, s) where E is a bundle on Zk(τ) and
s = (s1, s2) is a trivialization of E over Z
◦
k(τ), that is, for each point p ∈ Z
◦
k(τ) the vectors s1(p) and
s2(p) are linearly independent.
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(ii ) A framed rank 2 bundle on Fm (resp. on N) is a pair (E
′, f) where E′ is a bundle on Fm (resp. on N)
and f = (f1, f2) is a trivialization of E
′ over N◦, that is, for each point p ∈ N◦ the vectors f1(p) and
f2(p) are linearly independent.
Given framed bundles (E, s) on Zk(τ) and (E
′, f) on N we obtain a framed bundle (E, s)∪s=f (E
′, f) on
Fm by identifying the framings, i.e. by setting (s1(p), s2(p)) = (f1(p), f2(p)) for all p ∈ N
◦. (This procedure
is called holomorphic patching in [14].) In order to describe instantons on Zk(τ) we consider the case when
E′ is the trivial bundle over N , because the charge has no contribution from a neighbourhood of infinity.
We denote the resulting bundle on Fm by E. Note that then E extends trivially to E in the terminology of
Definition 7.2, but the trivialization over N◦ is extra data.
Lemma 7.4. Consider E = OZk(τ)(j) ⊕ OZk(τ)(−j) together with a framing s on Z
◦
k(τ) and let E be a
framed extension of E to the Hirzebruch surface Fm as just described. Then E is a split bundle over Fm.
Proof. We write
0 OZk(τ)(j)
i E OZk(τ)(−j) 0
and denote by L the image of OZk(τ)(j) by i inside E. We claim that L extends to a line bundle on Fm.
Since E is split, we can choose the framing s to be such that s1(p) ∈ L for all p ∈ Z
◦
k(τ). Now, just take
the trivial line bundle over N framed by f1 over N
◦ and extend L by identifying s1 = f1.
Inverting the sequence, we write
0 OZk(τ)(−j)
t E OZk(τ)(j) 0
and now denote by L−1 the image of OZk(τ)(−j) by t inside E. Extend L
−1 to Fm by choosing a framing
s2 and identifying to the framing f2 over N
◦ of a trivial line bundle over N . Since E is split over Zk(τ) we
can choose s1 and s2 such that the pair (s1, s2) is linearly independent, hence it is a framing of the trivial
bundle over N◦. Because N◦ is open and connected, any two framings of the trivial bundle over N◦ are
related by a change of coordinates. So, the fact that the bundles L and L−1 extend to Fm does not depend
on the choice of framings. We conclude that E splits.
Theorem 7.5. Let Zk(τ) be a nontrivial deformation of Zk. Then the moduli space of (framed) irreducible
SU(2)-instantons on Zk(τ) is empty.
Proof. Deformations of Zk extend to deformations of its compactification Fk ⊃ Zk, see §5.3. The Hirze-
bruch surface Fk deforms to a lower Hirzebruch surface Fm, where m < k (with m ≡ k mod 2) depends
on τ ∈ H1(Fk, TFk) ≃ H
1(Zk, TZk). We choose D to be the complement of Zk(τ) ⊂ Fm. Under the
Kobayashi–Hitchin correspondence for Fm, the moduli space of irreducible SU(2)-instantons is in one-to-one
correspondence with stable holomorphic bundles. To find instantons on Zk(τ) we are thus looking for stable
bundles on Fm which are trivial on D. By Theorem 6.14, all holomorphic vector bundles on Zk(τ) are split.
But by Lemma 7.4 framed bundles on Fm which restrict to split bundles on Zk(τ) are not stable.
Informally, the fact that instantons disappear after a classical deformation may also be understood as a
consequence of Theorem 6.6, since there is no compact curve to hold the local charge.
Remark 7.6. Even though the above line of argument seems to suggest that the behaviour of instanton
moduli in families might be better behaved in the compact case, we stress that at least in the context
of the instanton partition function [31], the noncompactness of the underlying surface is essential for the
nontriviality of the theory.
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